In the present paper we study two qubit entanglement in the most general XY Z Heisenberg magnetic chain with (non)homogeneous magnetic fields and the DM anisotropic antisymmetric exchange interaction, arising from the spin-orbit coupling . The model includes all known results as particular cases, for both antiferromagnetic and ferromagnetic XX, XY, XXX, XXZ, XY Z chains. The concurrence of two qubit thermal entanglement and its dependence on anisotropic parameters, external magnetic field and temperature are studied in details. We found that in all cases, inclusion of the DM interaction, which is responsible for weak ferromagnetism in mainly antiferromagnetic crystals and spin arrangement in low symmetry magnets, creates (when it does not exist) or strengthens (when it exists) entanglement in XY Z spin chain. This implies existence of a relation between arrangement of spins and entanglement, in which the DM coupling plays an essential role. It suggests also that anisotropic antisymmetric exchange interaction could be an efficient control parameter of entanglement in the general XY Z case.
I. INTRODUCTION
Entanglement property has been discussed at the early years of quantum mechanics as specifically quantum mechanical nonlocal correlation [1] - [3] and it becomes recently a key point of quantum information theory [4] . For entangled subsystems, the whole state vector cannot be separated into a product of the states of the subsystems, and the last ones are no longer independent even if they are far spatially separated. A measurement on one subsystem not only gives information about the other subsystem, but also provides possibilities of manipulating it. Therefore in quantum computations the entanglement becomes main tool of information processing, such as quantum cryptography, teleportation and etc.
For realizing quantum logic gates, several models have been proposed and demonstrated by experiments in cavity QED, ion trap, and NMR [5] , [6] . Due to intrinsic pairwise character of the entanglement, in all these cases important is to find entangled qubit pairs. Generic two qubit state is characterized by 6 real degrees of freedom. While separable two qubit state has only four degrees of freedom. It is clear that single qubit gates are unable to generate entanglement in an N qubit system, because starting from separable state we will obtain another separable state with transformed by gates separable qubits. Then to prepare an entangled state one needs inter qubit interactions which is a two qubit gate. The well known example of two qubit gate generating entanglement is Controlled Not (CNOT) gate [7] . Moreover realization of two qubit controlled gates is a necessary requirement for implementation of the universal quantum computa- * Electronic address: nilhangurkan@iyte.edu.tr † Electronic address: oktaypashaev@iyte.edu.tr tion. For this purpose we also need interacting qubits. A simple example of two qubit interaction is described by the Ising interaction Jσ z 1 σ z 2 between spin 1/2 particles. More general interaction between two qubits is given by the Heisenberg magnetic spin chain model. This model have been extensively studied during several decades, experimentally in condensed matter systems [8] and theoretically as exactly solvable many body problems (Bethe, Baxter and others) [10] , [11] . Now they become promising to realize quantum computation and information processing by generating entangled qubits and constructing quantum gates. Quantum spin chains where proposed as medium through which quantum information could propogate as a pulse [12] . Recently several proposals discussing quantum entanglement of two qubits in such models has been considered [13] . It was noticed that in isotropic Heisenberg spin chain XXX model spin states are unentangled in the ferromagnetic case (J < 0), while for the antiferromagnetic case (J > 0) entanglement occurs for sufficiently small temperature T < T c = 2J k ln 3 . Important point is how to increase entanglement in situation where it exists already or to create entanglement in situation when it does not exist. Certainly this can be expected from a generalization of bilinear spin-spin interaction form. Around 50 years ago to explain weak ferromagnetism of antiferromagnetic crystals (α − F e 2 O 3 , M nCO 3 and CrF 3 ), which has been controversial problem for a decade, Dzialoshinski [14] from phenomenological arguments and Moriya [15] from microscopic grounds have introduced anisotropic antisymmetric exchange interaction, the Dzialoshinski-Moriya (DM) interaction, expressed by
This interaction arises from extending the Anderson's theory of superexchange interaction by including the spin orbit coupling effect [15] , and it is important not only for weak ferromagnetism but also for the spin arrangement in antiferromagnets of low symmetry. In the present paper we show that the Dzialoshinski-Moriya interaction plays an essential role for entanglement of two qubits in magnetic spin chain model of most general XY Z form. We find that in all cases, inclusion of the DM interaction creates (when it does not exist) or strengthens (when it exists) entanglement. In particular case of isotropic Heisenberg XXX model discussed above, inclusion of this term increases entanglement for antiferromagnetic case and even in ferromagnetic case, for sufficiently strong coupling D > (kT sinh −1 e |J|/kT − J 2 ) 1/2 , it creates entanglement. These results imply existence of an intimate relation between weak ferromagnetism of mainly antiferromagnetic crystals and the spin arrangement in antiferromagnets of low symmetry, with entanglement of spins. Moreover it shows that the DM interaction could be an efficient control parameter of entanglement in the general XY Z model.
II. XY Z HEISENBERG MODEL
The Hamiltonian of XY Z model for N qubits is
where B, b-external homogeneous and nonhomogeneous magnetic fields respectively, the last term is the DM coupling. Choosing 1
The state of the system at thermal equilibrium is determined by the density matrix
where Z is the partition function, k is Boltzmann's constant and T is the temperature. Then for Hamiltonian (2) we find
where
and
As ρ(T ) represents a thermal state, the entanglement in this state is called the thermal entanglement. The concurrence C (the order parameter of entanglement) is defined as [16] , [17] 
where λi (i = 1, 2, 3, 4) are the ordered square roots of the eigenvalues of the operator
and λ1 > λ2 > λ3 > λ4 > 0. The concurrence is bounded function 0 ≤ C ≤ 1.When the concurrence C = 0, states are unentangled; when C = 1, states are maximally entangled. In our case:
Before calculating the concurrence for the general XY Z case (Section 7) it is instructive to consider particular reductions of XY Z model and compare corresponding concurrences with known results.
III. ISING MODEL
Let Jx = Jy = 0 and Jz = 0 and the Hamiltonian is
The eigenvalues are
The ordered eigenvalues are
where Z = 4 cosh
and the concurrence is
2 cosh
Jz 2kT
, 0} = 0 (15) and there is no entanglement.
Ferromagnetic Case (Jz
It means that in both antiferromagnetic and ferromagnetic cases there is no entanglement in pure Ising Model for any T .
B. Ising Model with Homogeneous Magnetic Field
i and the concurrence
2(e −Jz /2kT cosh
and there is no entanglement.
C. Ising Model with Nonhomogeneous Magnetic
The concurrence is
2(e −Jz /2kT + e Jz /kT cosh b kT
As we can see in pure Ising model and including homogeneous (B) and nonhomogeneous (b) magnetic fields no entanglement occurs [19] , [20] , [21] .
D. Ising Model with DM Coupling
i .
Antiferromagnetic Case (Jz
Ordering the eigenvalues λ1 > λ2 > λ3 = λ4 we have the concurrence
> e −Jz /kT the states are entangled
Moreover states become more entangled for low temperatures: maximally entangled for any D and T = 0 so that (lim kT →0 C12 = 1) and for stronger DM coupling limD→∞ C12 = 1. With T growing, Dmin = kT sinh −1 e −Jz /kT is growing so that we need to increase D to have entangled states.
Ferromagnetic Case (Jz
a) With weak DM coupling |D| < |Jz| there is no entanglement Ordering the eigenvalues λ3 = λ4 > λ1 > λ2 we have the concurrence
b) With strong DM coupling |D| > |Jz| Ordering the eigenvalues λ1 > λ3 = λ4 > λ2 and the we have the concurrence
Then C12 = 0 (no entanglement) if sinh 
Moreover states become more entangled for low temperatures lim kT →0 C12 = 1 and for stronger DM coupling limD→∞ C12 = 1. As we can see there is entanglement even in ferromagnetic case with sufficiently strong DM coupling. Comparison of (23) and (26) shows that in anti-ferromagnetic case, states can be more easily entangled then in the ferromagnetic one
IV. XX HEISENBERG MODEL
For Jz = 0, Jx = Jy ≡ J, the Hamiltonian is
1. Antiferromagnetic Case J > 0
The ordered eigenvalues are λ1 > λ2 = λ3 > λ4 and the concurrence is C12 = max{ sinh
2. Ferromagnetic Case J < 0 he eigenvalues are
λ4 > λ2 = λ3 > λ1 and the concurrence is
and a) sinh
In both cases states are entangled at sufficiently small temperature
and the concurrence is C12 = max{ sinh
, 0} and
It shows that inclusion of magnetic field does not change the critical temperature for concurrence in both antiferromagnetic and ferromagnetic cases. Pairwise entanglement in N -qubit XX chain and experimental realization of XX model has been discussed in [5] , [6] , [18] , [22] and [23] .
). The ordered eigenvalues are λ4 > λ3 > λ1 = λ2 and the concurrence is
Entanglement increases with growth of DM coupling in both anti-ferromagnetic and ferromagnetic cases.
V. XY HEISENBERG MODEL
For Jz = 0, Jx = Jy, the Hamiltonian is
A. Pure XY Heisenberg Model (B = 0,
For Jx = J(1 + γ) and Jy = J(1 − γ) so that J+ = J, J− = Jγ, the eigenvalues are
1. Anti-ferromagnetic Case Jx > 0 and Jy > 0
The ordered eigenvalues are λ3 > λ1 > λ2 > λ4 and the concurrence C12 = max{ sinh 
2.
Ferromagnetic Case Jx < 0 and Jy < 0
a) sinh
⇒ C12 = 0 there is no entanglement.
In Fig. 2 , we plot the concurrence C12 in XY Heisenberg ferromagnet as function of 
|
Thermal entanglement in XY chain was studied in [24] , [26] and [25] in the presence of external magnetic field B and in [27] by introducing non-uniform magnetic field b.
B. XY Heisenberg Model with DM Coupling
Antiferromagnetic Case
It shows that for any temperature T we can adjust sufficiently strong DM coupling D to have entanglement.
Ferromagnetic Case
Ferromagnetic case gives the same result as antiferromagnetic case. Comparison with pure XY model (43) and (44) shows that level of entanglement is increasing with growing DM coupling D and C12 = 1 when D → ∞.
VI. XXX HEISENBERG MODEL
For Jx = Jy = Jz ≡ J, the Hamiltonian is 
Ferromagnetic case (J < 0):
The concurrence C12 = max{ − cosh
and no entanglement occurs. Thus, for ferromagnets, spins are always disentangled, while entanglement is observed for antiferromagnets [9] , [13] . (61) with (57) shows that inclusion of the magnetic field B does not change the critical value but decreases the level of entanglement. b) sinh J kT < e −J/kT ⇒ C12 = 0 there is no entanglement.
, 0} = 0 and no entanglement occurs. Therefore inclusion of magnetic field does not change the result. Entanglement in XXX Heisenberg model with magnetic field has been studied in [9] .
C. XXX Heisenberg Model with DM Coupling
For a given temperature, when
there is entanglement.
≤ e −J/kT ⇒ C12 = 0 there is no entanglement.
Ferromagnetic Case (J < 0):
As we can see inclusion of DM coupling D in XXX case increases entanglement in antiferromagnetic case and even create entanglement in ferromagnetic case. Thermal enatnglement and entanglement teleportation in XXX Heisenberg chain with DM interaction has been studied in [5] .
VII. XXZ HEISENBERG MODEL
For Jx = Jy = J = Jz the Hamiltonian is
where ∆ ≡ Jz/J. The eigenvalues are
In this case the eigenvalues become
where β = J and Z = 2 h e −Jz /2kT + e Jz /2kT cosh J kT i .
Antiferromagnetic Case (J > 0):
For |∆| < 1 weak anisotropy (∆ > 0 easy axis, ∆ < 0 easy plane) and ∆ > 1 strong anisotropy, the concurrence is
From above formulas follow that for sufficiently small temperature T the states are entangled.
For ∆ ≤ −1 the concurrence is
and no entanglement.
For ∆ = 1 the anisotropic model reduces the isotropic XXX model, and the concurrence reduces to
When the temperature is larger than the critical temperature TC = 2J k ln 3 the thermal entanglement disappears. The eigenvalues are
Antiferromagnetic case (J > 0):
Comparison with (75) shows that with growth of D entanglement increases.
Ferromagnetic Case (J
and entanglement increases with growing D.
Entanglement for XXZ Heisenberg model was considered in [29] and effect of DM interaction on XXZ model in [28] . The eigenvalues are
where Then entanglement occurs when This formula shows that entanglement increases with lowering temperature. In Fig. 3 , we plot function f (T ) for (Jz, Jy, Jx) = (3, 2, 1). It shows entanglement for T < Tc. In addition, from (90) we have entanglement increasing with growing anisotropy J+ and decreasing with growing anisotropy J−. Moreover it increases with growing Jz.
Ferromagnetic Case :
Let Jz < Jy < Jx < 0 then J+ = −|J+|, J− = |J−| < 0 and Jz = −|Jz|. The biggest eigenvalue is
Z and the concurrence is C12 = max{ sinh
Then entanglement occurs when
This formula shows that entanglement increase with lowering temperature. In Fig. 4 , we plot function f (T ) for Thermal entanglement in pure XY Z model has been studied in [31] , [29] . Enhancement of entanglement in XY Z model in the presence of an external magnetic field considered in [32] , and influence of intrinsic decoherence on quantum teleportation in [33] .
The full anisotropic XY Z Heisenberg spin two-qubit system in which a magnetic field is applied along the z-axis, was studied by Zhou et al. The enhancement of the entanglement for particular fixed magnetic field by increasing the z-component of the coupling coefficient between the neighboring spins, was their main finding.
Antiferromagnetic Case :
and entanglement occurs when
In Fig. 5 , we plot the concurrence C12 as function of D and T . Comparing with pure XY Z case (90), we find that inclusion of DM coupling increases entanglement. 
Ferromagnetic Case :
The concurrence is C12 = max{ sinh 
IX. CONCLUSION
We found in general if λ1 (the largest eigenvalue) is degenerate with λ2 then no entanglement occurs. From our consideration follows that in all cases decreasing of temperature increases entanglement, if it exists . So that at zero temperature T = 0 states are completely entangled C12 = 1. This fact links entanglement with the Mattis-Lieb [10] theorem on absence of phase transitions in one dimension at T = 0. Moreover, inclusion of the DM coupling always increases entanglement, this is why it could be an efficient control parameter of the entanglement. Our results show existence of intrinsic relation between weak ferromagnetism of mainly antiferromagnetic crystals and spin arrangement in (anti)ferromagnets of low symmetry with entanglement.
Very recently thermal entanglement of a two-qubit isotropic Heisenberg chain in presence of the Dzyaloshinski-Moriya anisotropic antisymmetric interaction and entanglement teleportation, when using two independent Heisenberg XXX chains as quantum channel, have been investigated [30] . It was found that the DM interaction can excite the entanglement and teleportation fidelity . As was noticed DM interaction could be significant in designing spin-based quantum computers [34] . Moreover, studying the effect of a phase shift on amount transferable two-spin entanglement in a spin chain [35] , it was shown that maximum attainable entanglement enhanced by DM interaction.
Therefore would be interesting to consider most general XY Z Heisenberg models with DM interaction as quantum channel for quantum teleportation which requires to know dependence of pairwise entanglement on the number of qubits in the spin chain. These questions now are under investigation.
